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ABSTRACT 
A graph G onp vertices is k-path Hamiltonian if every path of length not exceeding k,
1 ~ k ~< p - -  2, is contained in a Hamiltonian cycle of G. Sufficient conditions are 
presented for a graph to be k-path Hamiltonian. 
A Hamiltonian path (cycle) in a graph G is a path (cycle) containing 
all the vertices of  G, and a graph with a Hamiltonian cycle is called 
Hamiltonian. A graph is Hamiltonian-connected when every pair of 
distinct vertices is connected by a Hamiltonian path. Ore [2, 4] has shown 
that a graph G on p points is Hamiltonian (Hamiltonian-connected) 
if for any pair of  non-adjacent vertices a and b the local degrees atisfy 
the condition p(a) + p(b) ~p (~p + 1). He also showed [3, 4] 
that G is Hamiltonian (Hamiltonian-connected) if it contains at ieast 
89 -- 1)(p -- 2) + 2 (89 -- 1)(p -- 2) § 3) edges. 
A Hamiltonian-connected graph with more than two vertices has the 
property that each edge is contained in a Hamiltonian cycle. A graph 
having this weaker property is said to be 1-path Hamiltonian. In general, 
a graph G with p vertices is k-path Hamiltonian if every path of length 
not exceeding k, 1 ~< k ~ p -- 2, is contained in a Hamiltonian cycle. 
The object of this note is to present sufficient conditions for a graph 
to be k-path Hamiltonian. 
It is easy to see that a (p -- 2)-path Hamiltonian graph has the property 
that every path can be extended to a Hamiltonian cycle. Graphs having 
this property were called randomly Hamiltonian in [1] and were 
characterized as (i) the cycle C~, (ii) the complete graph K~, or (iii) the 
complete bipartite graph K(p/2, p/2), where (iii) is possible only ifp is even. 
We shall assume henceforth that 1 ~< k ~ p --  3. 
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THEOREM I. Let G be a graph on p vertices. I f  p(a) + p(b) ~ p 4- k 
Jor ecery pair of  non-adjacent vertices a and b, then G is' k-path 
Hamiltonian. 
PROOF: Assume that G satisfies the requirements of the theorem, but 
is not k-path Hamiltonian. Then some path P of length not exceeding k
is not contained in any Hamiltonian cycle. Without any loss of generality 
we may assume that, whenever two non-adjacent vertices of G are joined 
by an edge, the resulting graph has a Hamiltonian cycle that contains P. 
For if G did not originally have this property we could add suitable 
edges until it did, and the resulting graph would still satisfy the hypothesis 
of  the theorem. Let a and b be any two non-adjacent vertices of G. 
It then follows that a and b must be the end-points of a Hamiltonian 
path H which contains the path P. Denote by a = vx, v.,_,..., v• := b 
the successive vertices of H. If c~, 2 ~ i < p, is adjacent to l'1 and 
if c~_lr~ is not in P, then v~_av~ is not in G. For otherwise 
(121 , Vi ~ [ ' i+ l  ~. . . ,  Ulo , V i -1  ~ l-~i-2 , ' "~  Vl) 
would be a Hamiltonian cycle of G containing P. Since at most k edges 
of  H belong to P, there are at least p(a) -  k vertices in G which are 
non-adjacent to v~ b. (Note that, since p(b) ~ p -- 2, we must have 
p(a) .... k ~ 2.) In a similar manner it follows that there are at least 
p(b) -- k vertices in G which are non-adjacent to v~ = a. Thus 
p(a) @ p(b) <~ 2(p -- 1) -- (p(a) -- k) -- (p(b) -- k). 
This, however, implies that p(a)+ p(b)..<.p + k-  1, which is a 
contradiction. 
We now give an example to show that the conditions given in Theorem 1 
are best possible. Let K~,_i be the complete graph on (p -  l) vertices 
to which are joined (k + 1) lines from an outside vertex v. The resulting 
graph G* has the property that p(a)+ p(b)~p 4-k - -1  for every 
two non-adjacent vertices. If we denote the vertices in K~_~ which are 
adjacent o v by vl ,  v2 .... , vl,.+l, then the path (vl, v2 . . . . .  Vk+l) has length k 
and is not contained in a Hamiltonian cycle of G. 
THEOREM 2. Let G be a graph on p vertices. I f  G has at least 
89 -- l)(p -- 2) ~- k 4- 2 edges, then G is k-path Hamiltonian. 
PROOV: If  G is the complete graph K~ then it is obviously k-path 
Hamiltonian so assume G :/: K~. Let a and b be any pair of non-adjacent 
vertices in G and let H denote the subgraph of G induced by the vertices 
other than a and b. Clearly, 
v~(G) = p(a) + p(b) 4- v~(H), 
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where re(G) and re(H) denote the number of edges in G and H, respectively. 
Since v~(H) ~ 89 - -2) (p  - -  3), it follows that 
p(a)+p(b)  ~ 89  1) (p - -2 )  +k+2- -  89 - -  2)(p - -  3) =p- [ -k .  
Hence, by Theorem 1, G is k-path Hamiltonian.  
The preceding result is best possible, since the graph G* defined above 
has exactly 89 - -  1)(p - -  2) + k + 1 edges. 
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